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a b s t r a c t
This paper deals with the fully developed mixed convection flow of a viscoelastic fluid
between permeable parallel vertical walls. The equations are modelled using the fully
developed flow conditions. An exact solution is obtained for the fluid velocity and
temperature distributions. The results are graphically displayed and the influence of the
viscoelastic parameter K , Reynolds number Re, Grashof number Gr , cross-flow parameter
R and Prandtl number Pr is discussed.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Interest in the flow and heat transfer of viscoelastic liquids has increased substantially over the past few decades due
to the occurrence of these liquids in industrial processes. The equations of motion of non-Newtonian fluids are highly
non-linear andone order higher than theNavier–Stokes equations. The extension of the theory ofNewtonian fluidmechanics
to non-Newtonian fluids has proven not to be so straightforward. That is, the shear dependent viscosity and/or the elasticity
of such fluids canmake the theory quite complicated. Due to the complexity of the governing equations, for non-Newtonian
fluids, finding accurate solutions is not easy. In this respect, the effects of fluid shear-thinning behavior on its skin friction
coefficient have been well established over the years (Acrivos et al. [1]; Schowalter [2]; Pakdemirli [3]; Rajagopal et al. [4];
Labropulu and Chinichian [5] etc.).
Heat transfer in free and mixed convection in vertical channels occurs in many industrial processes and natural
phenomena. It has therefore been the subject of many detailed, mostly numerical studies for different flow configurations.
Most of the interest in this subject is due to its applications, for instance, in the design of cooling systems for electronic
devices and in the field of solar energy collection. Some of the published papers on this topic, such as Aung and Worku [6],
Cheng et al. [7], Barletta [8,9], Barletta and Zanchini [10], Chamkha [11], Barletta et al. [12], El-Din [13] deal with the
evaluation of the temperature and velocity profiles for the vertical parallel-flow fully developed regime. As is well known,
heat exchanger technology involves convective flows in vertical channels. In most cases, these flows imply conditions of
uniform heating of a channel, which can be modeled either by uniform wall temperature (UWT) or uniform heat flux (UHF)
thermal boundary conditions.
All the above quoted analyses of free and mixed convection flow in vertical channels are based on the hypothesis that
the fluids are Newtonian. However, because of their fundamental and technological importance, theoretical studies of free,
forced and mixed convection flows of non-Newtonian fluids in channels and tubes are very important in several industrial
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Fig. 1. Influence of second-grade parameter K on the velocity.
processes; several papers were published on flow and heat transfer of these fluids in channels and tubes. Further, Chamkha
et al. [14] have obtained an analytical solution for the problem of fully developed free convection flow of a micropolar
fluid between two vertical parallel flat plates. Bhargava et al. [15] studied the fully developed flow and heat transfer of
an electrically conducting micropolar fluid between two vertical porous parallel plates in the presence of temperature
dependent heat sources including the effect of frictional heating and in the presence of a strong cross magnetic field. The
governing ordinary differential equations have been solved numerically using the quasi-linearizationmethod. Ariel [16] has
presented analytical solutions of two problems of laminar forced convection of a second-grade fluid through two parallel
porouswalls. Two geometrieswere considered: rectangular –when the flow takes place between two parallel flat walls, and
cylindrical – when the flow takes place through an annulus. Finally, we mention the recent paper by Hayat and Abbas [17]
who have studied the two-dimensional boundary layer flow of an upper-convected Maxwell fluid in a channel with
chemical reaction, the walls of the channel being permeable (porous). Employing similarity transformations the governing
non-linear partial differential equations are transformed into non-linear ordinary differential equations. These equations
are then solved analytically using the homotopy analysis method (HAM) first proposed by Liao [18].
However, to the best of the authors’ knowledge, the steady fully developed mixed convection flow of a viscoelastic fluid
in a parallel-plate vertical channel has not been studied before and it is the main aim of this paper to study this problem.
Such a study, however, is needed for the understanding of flow pattern or thermal characteristics and hence is worthy of
additional investigation. Under the flow assumptions the basic equations can be reduced to ordinary differential equations
which are solved analytically. Flow and heat transfer results for a range of values of the pertinent parameters have been
reported. Effects of pertinent parameters, such as the viscoelastic parameter, the suction/injection parameter, the Grashof
number, the Reynolds number, the Prandtl number, the wall temperature parameter and the constant pressure gradient on
velocity and temperature profiles are shown graphically.
2. Basic equations
Consider a viscoelastic fluid which steadily flows between two permeable infinite vertical and parallel plane walls. The
distance between the walls, i.e. the channel width, is L. A coordinate system is chosen such that the x-axis is parallel to the
gravitational acceleration vector g, but with the opposite direction. The y-axis is orthogonal to the channel walls, and the
origin of the axes is such that the positions of the channel walls are y = 0 and y = L, respectively. A sketch of the system
and of the coordinate axes is reported in Fig. 1. The wall at y = 0 is at the given uniform temperature T2, while the wall
at y = L is subjected to a uniform temperature T1 where T2 > T1. The fluid velocity vector v = (u, v) is assumed to be
parallel to the x-axis, so that only the x-component u of the velocity vector does not vanish but the transpiration cross-flow
velocity v0 remains constant, where v0 < 0 is the velocity of suction and v0 > 0 is the velocity of injection. The Boussinesq
approximation is employed. All the fluid properties except density in the buoyancy term are considered as constant. The
flow being fully developed, the following relations apply here:
v = v0 = const, ∂u
∂x
= 0, ∂u
∂y
= du
dy
,
∂p
∂y
= 0,
∂p
∂x
= dp
dx
= const, ∂T
∂x
= 0, ∂T
∂y
= dT
dy
. (1)
Thus, the basic equations reduce to
ρv0
du
dy
= −dp
dx
+ µd
2u
dy2
+ α1v0 d
3u
dy3
+ ρgβ(T − T0), (2)
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v0
dT
dy
= α d
2T
dy2
(3)
subject to the boundary conditions
u(0) = u(L) = 0, T (0) = T1, T (L) = T2, (4)
where the pressure gradient dp/dx in Eq. (2) is unknown and must be evaluated via the overall mass conservation equation∫ L
0
udy = Q . (5)
We introduce now the following dimensionless variables:
Y = y
L
, U = u
U0
, θ = T − T0
T2 − T0 . (6)
Thus Eqs. (2) and (3) become
KR
d3U
dY 3
+ d
2U
dY 2
− RdU
dY
+ Gr
Re
θ + A = 0 (7)
d2θ
dY 2
− RPr dθ
dY
= 0 (8)
and the boundary condition (4) become
U(0) = U(1) = 0, θ(0) = rT , θ(1) = 1 (9)
along with the overall mass conservation equation∫ 1
0
UdY = 1 (10)
if we take Q = U0L. The dimensionless parameters K , R, Gr , Re, Pr , rT and A in Eqs. (7)–(9) are the viscoelastic parameter,
the suction/injection parameter, the Grashof number, the Reynolds number, the Prandtl number, the wall temperature
parameter and the constant pressure gradient, respectively, and they are defined as
K = α1
ρL2
, R = v0L
ν
, Gr = gβ(T2 − T1)L
3
ν2
, Re = U0L
ν
,
Pr = ν
α
, rT = T1 − T0T2 − T0 , A = −
(
dp
dx
)
U0ν
L2
. (11)
It is worth mentioning that when K = 0 (Newtonian fluid) and R = 0 (non-porous walls), Eqs. (7) and (8) reduce to those
found by Aung and Worku [5].
3. Solution for a Newtonian fluid
When K = 0 the solution of the boundary value problems (7) and (8) subject to conditions (9) is straightforward and is
given by
U(Y ) = (−1+ rT )Gr exp(Pr RY )
(−1+ exp(Pr R))(−Pr + Pr2)R2 +
(−A+ A exp(Pr R)− Gr + rTGr exp(Pr R))
(−1+ exp(Pr R))R Y + C1
exp(RY )
R
+ C2 (12)
θ(Y ) = (−1+ rT ) exp(Pr R)+ (1− rT ) exp(Pr RY )
(−1+ exp(Pr R)) (13)
where C1 and C2 are constants and can easily be evaluated using conditions (9).
4. Solution for a second-grade fluid
When K 6= 0 the solution for the velocity is given by
U(Y ) = (−1+ rT )Gr exp(Pr RY )
(−1+ exp(Pr R))(−1+ Pr + KPr2R2)Pr R2 +
(−A+ A exp(Pr R)− Gr + rTGr exp(Pr R))
(−1+ exp(Pr R))R Y
− 2C1KRexp(−
1+
√
1+4KR2
2KR Y )
1+√1+ 4KR2 + 2C2KR
exp(−1+
√
1+4KR2
2KR Y )
−1+√1+ 4KR2 + C3 (14)
496 M. Sajid et al. / Computers and Mathematics with Applications 59 (2010) 493–498
rT = 0.5, K = 0.5, A = 1, Pr = 2, Gr = 1, Re = 1
Y
0 0.2 0.4 0.6 0.8 1
0.04
0.06
0.08
0.1
0.12
U(
Y)
0.02
0.14 R = 1
R = 2
R = 5
R = 10
Fig. 2. Influence of R on the velocity.
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Fig. 3. Influence of Prandtl number Pr on the velocity.
where C1, C2 and C3 are constants of integration. As we are given two boundary conditions for U , we need to manipulate
the solution before applying the boundary conditions. Of crucial importance is the behavior of−(1+√1+ 4KR2)/2KR and
(−1+√1+ 4KR2)/2KR for small K . We have
−1+√1+ 4KR2
2KR
= R− KR3 + O(K 2R5)
−1+
√
1+ 4KR2
2KR
= − 1
KR
− R+ O(KR3). (15)
Comparison of Eqs. (12) and (14) clearly indicates that for small K we need to have C1 = 0 in Eq. (14) so that the solution
matches with the corresponding solution in the Newtonian case. Therefore the solution for a second-grade fluid is given by
U(Y ) = (−1+ rT )Gr exp(Pr RY )
(−1+ exp(Pr R))(−1+ Pr + KPr2R2)Pr R2 +
(−A+ A exp(Pr R)− Gr + rTGr exp(Pr R))
(−1+ exp(Pr R))R Y
+ 2C2KRexp(
−1+
√
1+4KR2
2KR Y )
−1+√1+ 4KR2 + C3 (16)
where C2 and C3 can easily be evaluated using boundary conditions (9).
5. Results and discussion
Figs. 1–5 have been plotted in order to see the effects of K , R, Pr ,Gr and Re on the velocityU . The temperature distribution
is the same for both Newtonian and second-grade fluids and Figs. 6 and 7 give the effects of Pr and R on the temperature.
Fig. 1 shows the effects of parameter K on the velocityU in the case of suction. It is found from Fig. 1 thatU is a decreasing
function of K . The effects of parameter R on the velocity are similar to those of K and are shown in Fig. 2. The influence of
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Fig. 4. Influence of Grashof number Gr on the velocity.
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Fig. 6. Influence of parameter R on the temperature.
the Prandtl number on the velocity is seen through Fig. 3. The velocity increases on increasing Pr but after Pr = 2 there
is no variation in the velocity. Fig. 4 depicts the effect of the Grashof number on the velocity. It is observed that velocity
increases on increasing the Grashof number. The effect of Re is quite opposite to that of Gr and is displayed in Fig. 5. The
temperature variation under the change of parameter R is shown in Fig. 6. This figure elucidates that the temperature and
thermal boundary layer decrease with increase in the parameter R. The effect of Pr on the temperature is similar to that of
R and is shown in Fig. 7.
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